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lany problems of the theory of probe measurements of semiconduetor film para-
leters reduce Neumann value problems [1 to 3]for the Laplace equation with
-nhomogeneous boundary conditions. Their solution is of great value in con-

nection with the problem of microminiaturization of radio electronics equip-
ment..

Boundary value problems with separable variables and inhomogeneocus condl-
tions most frequently reduce to problems with ho::gcrous bo ) conditions,
which are then usually solved by the Pourier met 8]. To do this, the

solution is represented as the sum of functions, each of which is subject to
the original equation and homogeneous conditions. Such a method turns out
to be inapplicable for the majority of Neumann problems since the Mmg'n -
skii-Gauss theorem [5] is not satisfied separately for the new destred -
tions. However, this latter difficulty may be eliminsted if the new func-
tions are subject to another more general equation rather than the original
one.

As an example let us consider a Neumann problem of the Laplace equation
in the form
Vi (z,y)=0. Pr="P12 (y) for x=Ta, Py =y ,2 (x) for y=Fb (1)
Let us seek the solution as

Pz y) =ul(r,y) + vz 2
and let us reguire that the functions u and v satisfy equations and
boundary conditions

Vu(z,y)=p,  uy=poly) tor z=Fa, u,=0 for y=Tb (3)

V¥ (z,y)=—p, v, =0 for z=+H4a, v,=¢ (@) for y=Fb (4)

The original equation (1) will be satisfied for any cholce of the function
olx, y). In order to simplify the equations for u and v as much as pos-
sible, let us consider p a constant, and let us select 1ts value so that
the Ostrogradskii-Geauss theorem will be satisfied for the functions u and
v , 1.e. let us put

b

1 | B
P=Za4b Sb (P2(y) —1(W)] dy = — 77 S [q2(z) — ¢1 (2)] d= (5)
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In this case the problems for y and v will be solvable and they may
be integrated by the Fourler method. If we put p, = 0, i,e, subgect u
and v to the original Laplace equation, it is then seen from (5) that the
Ostrogradskii-Gauss theorem will not be satisfled in the general case,

From the' viewpoint of field theory, the p 1in (3) plays the part of the
electrical charge density. Hence, the transition to these equations means
the simultaneous introduction of two equal charges wlith opposite sign and
constant density. The magnitude of the latter 1s selected ao that the fluxes
of the filelds they create would equal the fluxes of the field in conformity
with the boundary conditions of the problem,

Let us take the particular case presented in [5] as an example of the
problem not solvable by separation of variables, and when p,= ¢g1= 0,
pa=I/2bs and g.= — I/2a0 , Where I 1s the electric current g.ntensity,
o 1is the conductlivity of the sample.

In this case Equations (3) become
Vi (z, y) = Y4l | abs, Uy (—a, y) =0, ux(e,y)=1l/bs, u,(z, FTb)=0 (6)
Vo (z,y)7-—"1Yal [abs, v (Fa,y)=0, v,(x,—b)=0, v,(r,b)=—3l/as
Their integration by the Fourier method yields at once

I I
u=§-ab—6(x—|—a)2, v=-—8a—bc-(y—}—b)2+c (7)

Solution of the problem by using the Green's function leads to an expres-
slon for @ in the form of two Fourler series, and only after they are sum~
med, we obtain terms (7). If the problem is solved by the Fourier method
without its being reduced to a problem with homogeneous boundary conditions
[5], then we f£ind one of the terms (7) also just in the form of a Pouriler
series, Hence, the method presented here of solving the problem turns out
to be simplest and briefest,

The proposed method of solving the Neumann
F—a,———f* a,™ problem with inhomogenecus boundary conditions
1 i also has considerable generality. Let us con-
0, o g, / sider an example with singularities, oharacter-
28 T isti for a number of problems of the theory
¢, 1 ¥ Z of probe measurements of semicdonductor film
' parameters. In the rectangular sample shown
1 F

a, in Pig.l and consisting of two portions with
2 conductivities ¢, and g, , 8 current 1 1s
4 passed through one edge by using a point probe,
Pig. 1 and 1s drained uwniformly off the other., It is
* necessary to find the potential distribution
of the field which satisfies the laplace equa-
tion and the boundary conditions

Vi (2, y) =0 )
TR N VS
0% lyi—(—pia, Dbos 021 %y ly=s W ly—p @ )%
dp1 JPa
(@1 —@2), =0, (Gl”a—x"_“’ ox )x=o=0

in each portion of the sample, where §,, is the Kronecker delta, and 5(x)
1s the delta~-function. It is not posaiﬁ e to solve this problem by us
the Green's function or the Fourier method directly since explicit knowledge
of 2p,/an at all points of the domain surfaces of the sample is require
in these methods., But only the relationship between ag, and  29./3x
is given on the boundary x = O , and they are, themselves unlmow\n

Equation (8) is integrated without any difficulty by the method expounded
above, Let us put

.

91=u1(z, y) + n (2, y), V= — V%01 = — ol | arbsy (9)
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and 1
ditioﬁﬁ us require that the functions vy, and v, satisfy the boundary con-

duy vy an ; 7 1

= =0 ot = 0 pi i ( i 4

0 lyng % lymp 3y Iy:b P a:> {10)
.a_lil. duy aq)z ouy |

The obtalned problems for vy, w; and g, may now be solved by the Four-
ler method, first to determine v: and then %c find y; and e, .yAs a result
we obtaln for the field votential (1)

! cosh 3y (y -+ 0)
@ = Tobor [(y + b} —{x - m)? + 8D . 2 (— 1y+2 b b cos Ot;ﬁx] 8;—
=2, 4.

I i (-1t ooty [z 4+ (— 1)1 4]
bsz 2By; + bo1 2 (=1 8D psinh /a0 prsinbana; *O° On (Y -+ b) + day o

n==1, 2. ..

where the a,, «,, 0, &and 7, are defined by Equations

S SR R
k=g =3 c“b@(s “&”‘{”'5?2‘“1>
Dy = 61 coth 08z - G2 coth Cpdy (12)

The expounded method is applicable to solve the Neumann problem of the
Poisson equation with inhomogeneous boundary conditions and other problems.

The author is grateful to M.Ia. Shirobokov and Ju.A. Romanov for discus-
sing the paper and for useful remarks,
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